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EXISTENCE OF LOCAL SUFFICIENTLY SMOOTH SOLUTIONS
TO THE COMPLEX MONGE-AMPERE EQUATION

SAOUSSEN KALLEL-JALLOULI

ABSTRACT. We prove the C'* local solvability of the n-dimensional complex
Monge-Ampere equation det (uﬂ) = f(z,u, Vu), f >0, in a neighborhood of
any point zg where f (z0) = 0.

In the present note we shall consider the complex Monge-Ampere equation

(0.1) det (8228(]52) = f(Rez,Imz, ¢, Vo)

in an open set Q of C", f a real-valued function, z = (z1,...,2n), 2, = ¥; + yj,
o6 _ 1 (06 _ .00 o6 _ 1 (06 | ;09

Our main result is the following:
Theorem 1. Let f € C™ be nonnegative near a point Z° = (zg,ug,pg) € C" x
R x R*™ and f (Z°) = 0. Then for any integer s > n+ 3, (0.1) has a plurisubhar-
monic (real-valued) solution ¢ € H® in a neighborhood of zy, such that ¢ (z9) = ug
and V¢ (z0) = po (seen as a function of (Rez,Imz)).

Theorem 2. Suppose in addition to the assumption in Theorem 1 that
8&,;,)853;%” (w0, Yo, uo, Vug) = 0
for all || + 8] +1 < k — 1, and there exists a* € N?" such that |o*| =k and
8&:iy)f (fEO, Yo, Uo, VUO) # 0.

Then (0.1) has a C* plurisubharmonic local real solution u in a neighborhood of
(z0,Y0)-

Recall that in her paper [7] S. Kallel-Jallouli proved the local existence of a
smooth plurisubharmonic solution to the problem (0.1) near a point zg in the partic-
ular case when f (2,0, Vo) = K (2) g (z,0,V), g > 0, K (z9) = 0 and dK (z9) # 0.
The proof was essentially based on an inverse function theorem due to G. Nakumara
and Y. Maeda [10].

Real Monge-Ampere equations of the form

0%¢
(0.2) det (5‘%5‘%) = f(x,¢, Vo)
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were studied by many authors. When f is nonnegative near a point in R xR x R",
C.S. Lin in [§] proved local existence of a sufficiently smooth solution to (0.2) in
the two-dimensional case. The result was then extended in [5] by Hong and Zuily
to spaces of arbitrary dimension. The method used is based on a Nash-Moser
procedure (see [9]).

In this work, we shall use the same techniques. Since we derive ¢ with respect to
two variables in each term of the matrix given in (0.1) and not only just one as in
the real case (0.2), some difficulties arise. The introduction of some adapted spaces
and the use of some properties of the Laplace operator will enable us to overcome
the difficulties.

We will start by giving several fundamental inequalities which play important
roles in the proof of convergence of our iteration scheme.

1. LINEAR THEORY
We may assume that Z° = 0. Following C.S. Lin [8], by means of the change of

n—1
2 . )
unknown ¢ = 3" 0; |z|” + e®w and the change of variables z; = e%7;, i = 1,...,n,

i=1
we can reduce (0.1) to the following equation:

(1.1) det (6,7) = det (1 = 67) o + ;) = F,
where (55 is the Kronecker symbol. The constants ¢; are chosen such that

(1.2) o1 > 09> ...>0,_1 = 1.
We shall consider
(13) G (w) = 2 det (63) — =Fx (&'1))
in the neighborhood of the origin:
Q={(",zn v yn) €R?™; |z} <, il <, 2% +yp <r?},

where r will be chosen later and x is a cut-off function vanishing near z; = =+,
y; = £m and equal to 1 near the origin.

Note that the projection of 2 on R%x ) is the disc

D= {(xn,yn) € RQ;JJ% —I—yi < 7“2}

and the boundary of D is smooth and will help us to use some estimates related to
the Laplace operator, established in [4] by Gilbarg and Trudinger.
The linearized operator of G at w is then

(14) Lg(w) = Y ¢70,0;+ Y aidr, + Y bidr, +¢,
i,j=1 i=1 i=1

where (d)ij ) is the matrix of cofactors of (¢ij)~
Now, for any smooth real-valued function w, the matrix (qﬁij) is Hermitian and
we can find a unitary matrix T (7, ¢) satisfying

(1.5) T (r.¢) (¢53) T (7,) = diag (A1, ..o An) -
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Moreover, we have

Lemma 1.1. Suppose that w is a smooth real-valued function with |w|,s < 1.
Then T (7,€) is smooth in (T,€) € Q x [0,&0] for some positive e9. Furthermore,
with some constant independent of w and € we have

n n—1
Toan (1,8) =1+ 32 [Va Tij (1,8)| + 20 [N (7,6) —ai
i,7=1 =1

(1.6) o
+ A (1 8) + D |Tin (1,8)] < ce.
i=1

Proof. Let ® = (¢,5) (1,€). Since det (® — ) (7,0) = —)\nil (o: = N), by (1.2),
i=1

the eigenvalues \; (7, ¢) are distinct and smooth for small € and the matrix T (7, ¢) is
also smooth. It is also clear that T;, (1,0) =0 for i = 1,...,n—1 and T,,,, (7,0) = 1,
which implies (1.6). O

Lemma 1.2. Let |w|s. <1 and § = max |G (w)|. Then the operator
Q
(1.7) —Lg (w) — 04,

n
where A = 3 (8‘9—; + g—;), is a degenerate elliptic operator if € is small enough.
i=1 : :

Proof. We have to prove

(1.8) A=015P+ D 76§ >0 V(r, ) eQxCn
i,j=1
Let us set & = 'T(r,¢)€ in (1.8) and let & = (¢"7). We have A = 0¢]” +
60E = 0[¢|* + L€TD'TE but ®P = det @.1d, so by (1.5), det &.Id = TOTTP'T =
diag (\;) T®'T, and

o 1 n 1
t . _ ey =
TO'T = det ®.diag ()\i> = ilzll)\z.dzag (M)

= (EG + xf) diag (}%) .

Then,

n (€
A—H‘Ef-i—det@.; 5

~ 12

2 n—1 . n—1
=e‘ﬂ +;det¢> ", +i1;[1)\i
n—1 n—1 rs
_ <9+ HM) €, 2+Z—EG+JC;§+9A¢ &l
i=1 i=1 v

*If§ =0, then G (w) =0and A >0 if f > 0.

2

&
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*1If § > 0, by Lemma 1.1, if € is small enough, then
1
eG+ 0\ >eG+00,-1+0(e) > 59 >0,

and A > 0.

(1.8) is consequently proved.

Now, we will study a boundary value problem for the degenerate elliptic operator
Lg (w) + 0A. First we consider real-valued functions which are periodic in each
variable z},y;, 1 < i < n — 1, with period 2. Following [3], we introduce the
space Hs (s € N) which is the completion of the space of real-valued trigonometric

polynomials > a; (2, yn) (=) with a =a_; € Cy (ﬁ (0,7“)) with respect
1

Il = 32 37 (14 0P el (b))

t+j<s I

to the norm

o

We can define H; in the same way, taking a; in C§° <D (0, r)> For p in H, we
have of course p (z/,y, Tn, yn) = 0 for 22 + y2 = r2. O
During this work, we will need two technical lemmas.

Lemma 1.3 (S. L. Sobolev [11]). Ifu e Hy andt >n+k+ 1, then u is of class
C*, and
max [0%u| < Kqy |lull,, for |of < k.
Kot is a constant independent of u.
Lemma 1.4 ([T, [6]). 1) If u,v € LN H" (t > 0), then uwv € LN H* and
Juvll, < K (lull < [[oll + llull, [0l L)

where Ky is a constant independent of u, v.
2) Let H : R™ — C be a C*™ function satisfying H (0) = 0. If w € (LN H®)™
(s >0) and |w|| o < M, then

[H (w)ll; < K (s, H, M) |[lwl,,
where K is a constant independent of u

Since each term of the diagonal of the matrix in (0.1) is the Laplace operator
applied to id), we shall need

Lemma 1.5 ([]). Let D be a bounded domain in R? such that 0D € C**2 and
p € H (D)N H**2 (D). Then
1Pl sty < € {lolaoy + 180005y -
where C = C (d, k,0D).
The main result of this section is the following.

Theorem 1.6. Let w be smooth, real-valued, periodic in (z',y") and satisfy the
inequality ||w||on+a < 1. Then for any so € N, one can find a constant € (sq) such
that given g € C*° (ﬁ), the problem

{ La (w)p+0Ap =y,

pEHl;

(1.9)
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admits a unique solution p € Hs, provided that 0 < € < €(sg). Moreover, for
0 < s < sg, the crucial inequality

(1.105) lelly < Cs {llglls + 1)l gpa ol o }

holds for some constant Cy, independent of w and €.
Here ||(w)]|,, 4 is equal to zero if s <n+1 and to ||w|, , if s >n+1.

Later, in section 2, we will see how the inequality (1.10) is fundamental and
makes the iteration scheme converge to a solution to our problem.
We will divide the proof of Theorem 1.6 into several lemmas. First of all, using

the change of unknown function p= peM™” with 7, = z,, + iy, we reduce (1.9) to

Lw)p= 3 (67 +46]6) 0,0;p+ Y a0rp
(1.9,) i,j=1 =1

n
F3 B p+ p=eMmly
i=1
with
Cl; = Q; — )\Tn ((bzn + 4(5;”9) 5
(1.11) b = bi — N7y (¢"" + 407'0) ,
¢ = e (6" +40) (A2 |1l = A) = N, — 2Abu 7.

Now, we replace (1.9) by (1.9) and write p instead of p. Instead of studying
equation (1.9") we will consider the following regularization of (1.9').

Lemma 1.7. There exist three positive constants v, \,eo such that for 0 < e < gg
and any real-valued g in C*> (Q) the reqularized problem

{ Lyp=L(w)p+vhp=g inQ,

(1.9") ,
p€Hy (Q)’

admits a unique (real-valued) solution p € C* (Q) if v > 0.

Proof. First of all, we recall that as an operator depending on 0,, and 9,,, i =
1,...,n, Lg (w) is a real second order operator with real coefficients. Throughout
the section O (¢) means bounded by Ke, where K is a constant independent of
g,\, r. We shall take A\r = 1. By (1.3), we can see that § < M + O (&), where
M is an absolute constant depending only on the function f. Moreover, by (1.1)
we have ¢ = O (¢) if (i,7) # (n,n), together with its derivatives. We have also

" ="T+0(e) (with T = [[ 0y),a; =0 (g), b; = O (¢), ¢; = O (¢). Using (1.11),
i=1

it follows that
a;=0(), 1<i<n-—1,
b;=0(), 1<i<n-—1,
|ag| < lan| + A (40 + T) ||, s0 a;, = O (1),
by < [bn| + A (40 + 1) |70 |, s0 by, = O (1),

and ¢ = (¢"" + 40) <A2 Ira|? — A) +0(), s0 —Red > A(T +46) (1 )\ |Tn|2) n
O (e).
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Now, since p is 2m-periodic in each variable z}, yj, i = 1,...,n — 1, and vanishes
when 22 + y2 = 72, integration by parts then gives

(—Lup,p)o:/VIVplzdfvdy

/ Z ¢ + 4539) dipdspdxdy

,Jl

(€]

—/ Za;&p.pdxdy—/ Zb;@;p.pdxdy
Q Q=1

i=1

(2 e

1 ¢ ij | 2
—/Q c'+§zaj—-5‘i¢j p°dxdy.

i,j=1
3)
Or,
Let us set V,p = ‘T'p, where V, = : |. We get, following the proof of
Or,
Lemma 1.2,
1) = [,V (<I> + 491d) ¥, pdady

= [, 1T (ci» + 491d) (T pdady
n—1 eG + 46\ + ~
= fa { (49+ [[1&) |Pnl” + Z —Xf pil dxdy}

Now, an integration by parts gives

n—1
1

= 52/98iagp2dxdy—/Qa’nf)‘np.pdxdy,
i=1

(4)
n—1 n
Onp = ZTznpz = nnpn + ZZEHT]’LaTJ
i=17=1
n—1 n—1
= Tanfn + Y TinTji0r,p+ Y _TinTrilr,p.
ij=1 i=1
Since !TT = Id, then Y T;,Tp; = 1 and
j=1
1 n—1
(1-12) 8np =T 2 Tnnﬁn + Z T%nTjiajp
| Ton|

ij=1
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Now,
n—1 leal
Ton TinT i
(4) = — / ahp—"5ppdrdy — / anp 0, pdxdy.
Q T & i,j=1| nnl
®) (6)
We have

/ Z Tin ﬂ r, dedy

7,]1 |nn|

, TinT i
=_Z Z / < - ) pidxdy,
1,j=1 |T"”|

which clearly implies, using Lemma 1.1, that

1(6)] < Ce / pdedy.
Q

For (5) we shall use the inequality a.b < aa® + b2 with o = 5 H Ai >0 and
i=1

the estimates a,, = O (1), T, =1+ O (g). We get

anpl ~
6) < [ 522 7 dody

/2
/H)\ |pnl? dxdy—i—/ O p*dxdy

i:1
l/nﬂlxr 2 dud +c/ 2dud
3 Jo, L1l dady +C [ pdady

(2)" is estimated similarly to (2). Let us now look at (3). By the discussion at the
beginning of the proof we get

Re (3) > [A (T +40) — (T +40) A2 |7, + O (e)} / pRdady.
Q

| /\

IN

Summing up, we conclude that

n—1
1 -
(~Lup,p) > / { Vol + 5 [T Al + [0 +460) A~ € + 0 (<)) dexdy} dudy.
Q2 i=1

We take A big enough to have coercitivity, and then we apply the Lax-Milgram

[e]
theorem to get a unique solution p in H; () to the problem (1.9”). Provided g is
smooth, the regularity of p follows from the theory of elliptic equations. O

Proof of Theorem 1.6. Suppose (1.10;) is valid for the regularized problem (1.9”)
with a uniform constant Cs for v € ]0,1]. Then by letting v go to zero we shall get
a solution of the original problem which of course will satisfy (1.10).

For the regularized problem we shall use induction on s. When s = 0, (1.10),
follows from (1.13). Actually we have the strong estimate

~ 2 2 2
/Q 1Bul? dedy + (|02 < Co lg]2
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Denote by C; (resp. C) any constant which is independent of v and ¢; it will
change from line to the next. Assume that
(1.10%)

=\ |? 2 2 2 2
S [ ](@%) [ dudy 1012y < Cos {loliy+ ) ol )
laj<s—1 79 "
Qp =012, =0

foralle € ]0,e (s9)] and 0 < s —1 < sp with s > 1. We shall find a new ¢ (s¢) which
makes (1.10%) true.

Denote by p* any derivative of order o with |o| = s and a,, = a2, = 0. Note
that 0% = 021,057~} .0y, .0y

Using (1.13), we get

(1.14) (—Lup®, o) = C /Q

n—1
1 N2
(»*)? + 3 H/\i (8“,0) n] dxdy.
i=1
On the other hand,
(1.15) (=Lvp®,p°) = = (9", p°) = ([Lv, 0% p; p°) -
Let us look at the second term of (1.15). We have
[L,,0%] = > Cap [0° (") 0:0; + 0°d};0; + 0°V05 + 0°c] 0° 7.

BLa
18121

For || = 1, we have, using integrations by parts,
1 = (0% (67) 005", p°) = (0.(6) 0,050, 0p )
= —/ &jps—laia (qbij) op*~tdxdy — / 83-ps_18 (cﬁij) 0;0p° tdzdy
Q Q
W)
=—(7)+ / p* 1050 (¢7) 0;0p° ' dady + / P10 (¢7) 00050 dudy
Q Q

(8)
=—(7)+(8) — / 8¢83-ps_182 (¢") p*~'dady — H.
Q

9)
Then,

20 = (8) = (7) = (9),
(9) — _Aaips—laiaQ (¢ij) ps_ldxdy _/98]_'/)3_182 (¢ij) aips—ldmdy7

which can be estimated by Ce ||p||3 We estimate the terms (7), (8) in the same
way to obtain

2
|H| < Ce|lpll -
cn+s < 1and |a| —[B] +2 < s, we have

(1.16) (07 (#7) 2i05° 1, 7

For 2 < |B] < n+ 1, since ||w|

2
< Cellpll-
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If |5] > n+ 1, we can write
A= }(35 (¢ij) &,%ps—lﬁ\,p-?)
Using Lemma, 1.4 with u = 92 (qbij) and v = p, we get
(1.17) A< Clipl s (e llwllea ol + ol o 1wll,a) -

The lower order terms in L, are estimated in a similar way. Summing up, we
conclude, using (1.15) to (1.17), that

(118)  [(=Lup® o) < C{e Nl + 10"l 2 (1912 + 1) g loll ] } -

It remains to estimate the derivatives 5‘;“;853;)5”“1”“2, for k1 + ko = 1,...,s.
From (1.12) we get

< lloll, |07 (67) s 71| .

n—1
_ 1 — _ _
(9nps 1= |T |2 Ton (psjl)n + E TinTjiajps ! )
nn i,j=1

but since p is real-valued, then
Oz, p” ' =Re (0r,p°"") and 8, p° ' = —Tm (9, p° "),
SO
-1 P
Jocus o < € ([ (771), |+ 1ol

lv.0 e < ([ () | +s||p||s)-

Using the induction estimate (1.10;_1), we get, for ky + ko =1,

(1.19) 102 0y20 | 2 < C {llgllo—y + 1) ais ol o + eIl

Denote 0f = 85182 for k = ki + ky and write the original équation (1.9”) in
another way:

4 1 i ij
(1.20) s TR TR D (U AN IV WALLY
. i<n i#]
— aj07,p — b;07p — c'p} = F,

with A; = 92/022 + 02 /0y?, i=1,...,n.
Applying 9°! to (1.20), we obtain using Lemma 1.5, with d = 2 and D =
{@n,yn) 2} +yn <7},

(1.21) 0520 M. < €3 [l e+ Do [l0ho L,
0<i<k

Now, we are able to prove (1.19) for k = 2, ..., s by induction on k, using (1.21),
(1.10;_,) and Lemma 1.4 (1.25). We get

(1.22) D050 e < Cs{llglls + 1) s 1ol e+ loll, -
k=2

Using (1.14), (1.18), (1.19) and (1.22), we get (1.10%) for 0 < s < s and 0 <
e < e (so) if € (sp) is small enough. O
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2. EXISTENCE OF SUFFICIENTLY SMOOTH SOLUTIONS

In this section we shall construct, using the results of section 1, a sequence which
converges to a solution to our problem.

Let E be the space of all smooth functions in Q which are periodic in (2/,y’),
and let 7 and o > 1 be two constants which will be chosen later. One can define
a family of smoothing operators S,, from E to E such that with p, = o™ and for
0 < 81,82 < 80

(2.1) [Snully, < Cs, llullg, » if 51 < 5o,

S1 —

(2:2) [Snully, < Coipn =% Mlull,, , if 512 s2,

(2.3) 1S —ull,, < Coppily = ful,, , if 51 < 52,

where the constant C,, is independent of u, n, o, 7. We will construct wy, n =
0,1, ..., by induction on n as follows. Starting with wy = 0, suppose wg, w1, ... , Wy,
have been chosen and define w,, 1 as follows:

(2.4) Wpt1 = Wy + Sppn,

where p,, is the solution of

(2.5) L (wy) pn = La (wn) pn + 0,.0pn = gn in

satisfying

(2.6) pn € 73[1

given by Theorem 1.6, when

(2.7) g = ~G (1) , O = SUp|G (w3)]

Q

In order to ensure that the wy are well defined, there are several things to be
verified. We prove first the following result.

Lemma 2.1. Suppose ||wi||gnss < 1 for k=0,1,...,m. Then for allk =0,1,....,m

we have

(2.8) lgrlls < Cs {llgolls + lwrllsio} -

(2.9 il o < CE s lgoll, Jor some > —2—

(2.10) lgks1ll> < piy lgollye for some positive constants k and s*.

Proof. a) ||gxlly < |G (wo)ll, + |G (wk) — G (wo)||,. Using the Taylor formula for
G, Lemma 1.4 and the hypothesis wy = 0, we easily get (2.8).
b) Using (2.2) and (2.4), we get

[wirillgpa < Cs (lwillgya + I1Skprll1a) < Cs (lwnllyya + wi lloxll,) -
*If s <nm+1, (1.104) gives
loklls < Csllgrlly < € {lgolly + llwellgpo} -

so, since py > 1, then

(2.11) lwisillsra < Comii (lgolly + llwrllysa) -
*1If s > n+ 1, we have by Lemma 1.3,

okl e < C okl s
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so (1.104) gives [|pill, < C (llgrll, + wkll,ys), and using (2.8) we get the same
estimate (2.11). Iteration of this estimate yields, since wg = 0,
7_k:%»l
w1 llgra < CF (b +1) et Ngolly < CF (k +1) 0™ Jlgoll;

which proves (2.9).
c¢) In view of (2.5) and (2.7) we have

—gk+1 = G (wi) + Lg (wi) Skpr + Q (Wi, Skpk) »
where (@ is the quadratic error, and
—ge+1 = G (wi) + L (wi) pre + L (i) (Sk — 1) pe — OxASkpr + Q (W, Skpr) -
The sum of the first two terms in the right-hand side vanishes, so
lgx+1llo < IL (w) (Sk = 1) pllg + Ok | 5Skprllg + |Q (wrs Skow)lo-

(1) (2) (3)
<1, then

Since ||wk||n+1

(D1 < CNSk =D pelly < Conpi ™ i
()] < Ok [ISkorlly < Orpi o]y
|G < CISkprll Lo l|Skprll -
It follows from (1.10,+), with s* to be determined, that

s*

—(s*—2
lgnsillo < Cor {1 (llon

Now by (2.8) and (2.9)

2
oo 0l y0) + 00t gl + " gl }

o ol rq < C (lgollye + wnllye 1q) < COE 4 llgo

gk

s*

SO
—(s"—2— 2
(212)  lgrsallo < Cor {2 C Igollye + Ou gl + 1 lgnl } -

Now by (2.7), and using Lemma 1.3, we get

Ori1 = llgr+1llpe < Ngrrillgss

SO

Or+1 < ||L (wi) (Sk — 1) pillyir + Ok |ASkpkl, 1 + 1Q (Wi Skpr) 41 -

Using the same estimates us before, we get

(2.13)  Oppr < Cor {u;“**”*?’*ﬁ)cf*

2
goll - + 00 lgnly + 152" gull3}

Let us choose k and s* such that

2-7)k—8—-2n>0,
(2.14) {5*—4—n—ﬁ—ﬁ7>0,
and set
(2.15) di1 = max iy [|grsllo s 174 10k41) -

Noting that pix41 = pf, we have by (2.12)
u:f—(S*—%B)Ck

2
#ii llgusllo < Cor { loolly- + Brr™ 2 lgwll + 1T w3 }
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By (2.14) we get
(2.16)

—2— —2n— —n— 2
lgnsilly < Cor {51 ligolly- + Ornf™2" = ligilly + Ornf™" " llgilly } -

Taking o large enough, it follows that

1
i gkl < 7 ol + 2.

In the same way, using (2.13) and (2.14) we get

. +di,

o 1

P10kt < 1 90

and then we have proved that
1
(2.17) dit1 < 7 llgolls + d.
Now
1.
(2.18) go = —G (wo) = gf e (x,y) et > oi (0] +47) ;28 > o (i)
i<n—1 i<n—1

and f (0;0;0) = 0, so we can suppose that [|go

. < 1. Moreover, we assume that
1

< .

- 4max(1, KO’nJrl)

Here Ko n+1 is given by Lemma 1.3. By (2.15) and (2.17) we can conclude that

S

max (18" 00, 15" || g0]|)

d; < 5 llgol| - By induction it is easy to see that we have
1
(2.19) dp41 < B llgoll s~ »
which proves (2.10). O

Proof of Theorem 1. We shall prove by induction that for some constant I'
(2.20,) [wkllznia < T

Since wy = 0, we may suppose that (2.20x) is true for all £ = 0,1,...,m. By
(2.4), and using the Gagliardo-Nirenberg inequality, we get

lwomrilly <318kl < € lowll, <€ o
k=0 k=0

k=0
By (1.10,-), (2.8), and (2.9)

vra) S Cllgollye (14 C ) < O lgo

and by (2.10), [lpxllo < Cllgrllo < C'ur, " |lgoll,-- It follows that

/
E3

pllo -

s
s
s*

s* < C (”90”9* + HU}k

ll ok

s*

UL 5%*”(1*%)
(2.21) [wmiilly < CD CT llgo
k=0

s* °

We may fix the constants now. We first choose 7 = %, B =12+ 6, with § > 0
small, K = 12 4 3n + 4; then the first inequality in (2.14) is satisfied, and for the
second one we have to take s* > 5n + 33.
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Let us go back to (2.21); then, taking 2 ~ sufficiently small and o large, the series
is convergent and we get |[wp41|, < C’s* 9ol ¢« The induction step is completed
if we take € (s*) so small that Cs~ . <T (see (2.18)).

We have w,, — w in H, () and

(2.22) lw]y < C-

gOHS* .

By (2.10), g, — 0; then, w is a solution of G(w) = 0 if s > n + 3, and so
n—1

d=> oy |zz|2 + Sw (E‘Qz) is a solution of the original Monge-Ampere equation,
i=0

0w

aZiaZj
completes the proof of Theorem 1. O

which is plurisubharmonic if € is small enough since e = O(e). This

3. EXISTENCE OF A C'*° LOCAL SOLUTION

We shall use the result of C.J. Xu and C. Zuily [12], [13], which we recall briefly.
Let us consider a nonlinear partial differential equation

F ($7yaU7VU7D2u) = 0;

where F' is C'°*°. To any solution u we can associate the vector fields

X Zau]k

Then we get

Theorem 3.1 ([12]). Suppose u € Cf . (Q) with p > Max (4,7 +2) for some
constant v > 0, and that the brackets of the X;, up to the order r, span the tangent

space at each point of Q. Then u belongs to C* ().

2

— by the sum
2;0%j

We can replace

1 % % i32¢ )
4" 0x;0x;  Oy;0y; dz;0y; "’

so, by noting that y; = z;4,, 1 <1i <n, we obtain for our particular equation

’Lj ’Lj 8 n . 7’] _ _1_] 8
</5” + Z¢ ‘g i n ZW i
j=1

dx; 2 OTjtn’
j?ﬁi J#i
i ¢+ ¢4 9 “igl —igd O
X — i —
i+n = ¢ &CH” Z 2 0T j4n +jz=; 2 O0x;
j75i J#i

Hence

2n

(3.1) X; = ewnnAiOy, + 522%33‘]’1 (DQw) Ox; fori ¢ {n,2n},
I1=1 j#i
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and
X, = An(?xn + EZw(;jP,;jl (DQw) 8%1,
J#6

l
Xop = Ap0sy, + €5 w(;;ngl (D2w) ox;.
76

l

(3.2)

Here P, ngl are polynomials in D?w, A,, = det ((5{01' +tewz;1<i,5<n-— 1)
and A; is the cofactor of o; + cw;; in A,. In order to compute the Lie algebra
generated by the X;, we need some lemmas.

Lemma 3.2. Let 8&,#)8585]“(0,0,0) =0 for all |of + 8| +1 < k—1. Assume

we H withs>n+k+1. Then
(3.3) |0%w| < Coe®* 71, for all |a] < k.

Proof. Using (2.18), it follows from the hypothesis that the Taylor expansion of gg
is on the form

B 2l 1 k
go=e%"1 S Clape® (z,9)" (@) |2 + iy [ (1—N)

lal+1B|+i1=k
(3.4)
x@&,y)é‘i@gf <)\52 (,y); 2)\54i;nai (27 4+ y?) ;2Xe%0; (2, y’)) d\,
and (3.3) follows from the inequality (2.22) and Lemma 1.3. O

Lemma 3.3. In addition to the assumption in Lemma 3.1, let
k
9, £(0,0,0) > 0.
Then, if € is small enough,
(3.5) 857111)@ > g2kt
with a constant C' independent of €.

Proof. Since A, =T + 6Ewi7Aij (DQw), we rewrite the equation det (d)ﬁ) = f as
4,J

(3.6) Wy + € Z wswim Aijem (D*w) = 5LT
i,9,k,m
Now
of <€2£E; eloia? + P, (2620w + €%05,0) 5, €00, W, 538952”10)
(37) 2n+1
= go + 'wd (z,6,w, Vw) + &2 3 wp_1®, (z,e,w, Vw), ®; € C™.
p=2

Applying to both sides of (3.6), (3.7) the operator 87 and using (3.3), we get
1 .
857Lwnﬁ > Tagljngo — O (213 4 21 4 A1),
S0,
1
(88) O wwm > e 0] £(0,0,0) = Cp (377 4 244 4 M),
But f(0,0,0) =0. Then k£ > 1, and (3.5) is proved. O



EXISTENCE OF LOCAL SUFFICIENTLY SMOOTH SOLUTIONS 3241

Proof of Theorem 2. Without loss of generality we can assume that o* = (0, ..., 0, k)
and 8§f (0,0,0) > 0. Choose s so big that s > k + n + 4. By means of Theorem
1 we can get a solution w € H®. Moreover, w satisfies (3.3) and (3.5).

* When n > 2 the polynomials B;j; occurring in (3.1) and (3.2) are at least of
degree 1. Thus, for each ¢ € {1,...,n —1,n+2,...,2n — 1}, using induction on the
size of the bracket, one can prove that

2n
A .
(adX2,)" (X;) = 50185”wnw4§8@ + EZ Z C;ﬁabpqa%aga%max“
=1 Ja|+|B8|<k
1<a,p,b,q<2n

where the C}, 3, are still polynomials in DVw; || < k.
From (3.3) and (3.5) the sum in the right hand side is O (¢**~') while the

coefficient of the first term is > Cpe2F. It follows that the vector fields

[(angn)k (Xi)} [ X, and X,

i=1,....n—1,n+1,....2n—

span all the tangent space. Theorem 2 follows then from Theorem 3.1 and Lemma
1.3.
*If n = 2, a direct computation of the determinant of the vector fields

[(adX4)k (Xz):| s X2 and X4
i=1,3
shows that it is equal to
2
g2kt (85”(Unﬁ) + &3 Z C’a[gabm@awag(‘)ﬁwpqavwg,
lal+18]+[v|<k

1<a,p,b,q,1,j<2n

which by (3.3) and (3.5) doesn’t vanish, and we conclude in the same way.
*If n = 1, we don’t need the hypothesis of Theorem 2 to conclude. ([

4. SUPPLEMENT

As noted by Bedford and Taylor in [2], if we set |z;| = e® and ¥ (21, ...,25) =
¢ (e*,...,e*), then it is easily checked that
oy 0%¢

=4 i 23
8:51-8@ #i%) 82’7,82

8211) _4qn 2z 2, 82¢ .
det <8mi8mj) = 4"e"1e“* det (8zia7j> ;

so, we can state, as a consequence of Theorem 1.2,

and

Theorem 3 ([5], Theorem 1). Let f € C™ be nonnegative near a point Z° =
(yo,uo,po) € R" x R x R"™ and f (Z°) = 0. Then for any integer s > n+ 3, the
problem

Y\
(4.1) det (8%8%) = f(y,u, Vu)

has a convex solution uw € H® in a neighborhood of yo, such that u (yo) = ug and
Vu (yo) = po.
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Theorem 4 ([5], Theorem 2). Suppose in addition to the assumption in Theorem 3
that 030%,08 f (yo, w0, Vuo) = 0 for all |a] +|3|+1 < k—1 and there exists o € N"
such that |o*| = k and 8;/’*f (Yo, w0, Vug) # 0. Then (4.1) has a C* convez local
solution u in a neighborhood of yg.

n
2
3
4
5
6
[7

8

[9
10
[11
[12

[13

Finally, I wish to express my thanks to the referee for some helpful comments.
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